In this article we continue the consideration of geometrical constructions of regular n-gons for odd n by rhombic bicompasses and ruler used in [1] for the construction of the regular heptagon ( 7 n = ). We discuss the possible factorization of the cyclotomic polynomial in polynomial factors which contain not higher than quadratic radicals in the coefficients whereas usually the factorization of the cyclotomic polynomials is considered in products of irreducible factors with integer coefficients. In considering the regular heptagon we find a modified variant of its construction by rhombic bicompasses and ruler. In detail, supported by figures, we investigate the case of the regular tridecagon ( 13 n = ) which in addition to 7 n = is the only candidate with low n (the next to this is 769 n = ) for which such a construction by rhombic bicompasses and ruler seems to be possible. Besides the coordinate origin we find here two points to fix for the possible application of two bicompasses (or even four with the addition of the complex conjugate points to be fixed). With only one bicompass one has in addition the problem of the trisection of an angle which can be solved by a neusis construction that, however, is not in the spirit of constructions by compass and ruler and is difficult to realize during the action of bicompasses. As discussed it seems that to finish the construction by bicompasses the correlated action of two rhombic bicompasses must be applied in this case which avoids the disadvantages of the neusis construction. Single rhombic bicompasses allow to draw at once two circles around two fixed points in such correlated way that the position of one of the rotating points on one circle determines the positions of all the other points on the second circle in unique way. The known case 17 n = embedded in our method is discussed in detail.
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Abstract
In this article we continue the consideration of geometrical constructions of regular n-gons for odd n by rhombic bicompasses and ruler used in [1] for the construction of the regular heptagon ( 7 n = ). We discuss the possible factorization of the cyclotomic polynomial in polynomial factors which contain not higher than quadratic radicals in the coefficients whereas usually the factorization of the cyclotomic polynomials is considered in products of irreducible factors with integer coefficients. In considering the regular heptagon we find a modified variant of its construction by rhombic bicompasses and ruler. In detail, supported by figures, we investigate the case of the regular tridecagon ( 13 n = ) which in addition to 7 n = is the only candidate with low n (the next to this is 769 n = ) for which such a construction by rhombic bicompasses and ruler seems to be possible. Besides the coordinate origin we find here two points to fix for the possible application of two bicompasses (or even four with the addition of the complex conjugate points to be fixed). With only one bicompass one has in addition the problem of the trisection of an angle which can be solved by a neusis construction that, however, is not in the spirit of constructions by compass and ruler and is difficult to realize during the action of bicompasses. As discussed it seems that to finish the construction by bicompasses the correlated action of two rhombic bicompasses must be applied in this case which avoids the disadvantages of the neusis construction. Single rhombic bicompasses allow to draw at once two circles around two fixed points in such correlated way that the position of one of the rotating points on one circle determines the positions of all the other points on the second circle in unique way. The known case 17 n = embedded in our method is discussed in detail.
Introduction
From ancient time on it was a problem of serious and of recreational mathematics which of the regular n-gons may be constructed by compass and ruler (straightedge without marks) and all "simple" constructions were known without a proof of the completeness of their possibilities up to the appearance of Gauss (in German: Gauß) on the scene at the very beginning of the 19-th century. Gauss showed that the basic numbers n for such constructions are the prime Fermat numbers 1 17 n F = = + = (e.g., [2] - [13] and the more popular articles of Gardner [14] [15] ). This results from the solution of the cyclotomic equations for these cases. A little later the general theory was developed for the solvability of polynomial equations with integer or rational coefficients in radicals (now called Galois theory) to which the cyclotomic equation is a special case. Some prehistory to this connected with names such as Lagrange, Ruffini and Abel is told by Stewart [5] (chap. 8). The construction by compass and ruler requires not higher than quadratic radicals. In [1] it was shown that the regular heptagon ( 7 n = ) can be constructed by rhombic bicompasses and ruler. The rhombic bicompasses are two correlated compasses with, at least, 3 connected arms of equal length which can be fixed in two different points and which allow then the motion of the arms in two correlated circles around the fixed points with one degree of freedom. The addition of such bicompasses as device for geometric constructions is, in our persuasion, certainly in the spirit of the ancient geometers and extends our possibilities for constructions. Exact constructions with rhombic bicompasses are possible if the fixed points are determined by not higher than quadratic radicals (nested square roots) and, therefore, are constructible by compass and ruler.
To apply rhombic bicompasses and ruler for the construction of regular ngons it is necessary that the cyclotomic polynomials 1 1 n z z − − can be factorized into products of polynomial equations of 3-rd degree with not higher than quadratic radicals in their coefficients. In Sections 3, 9 and 11 we suggest arguments that this restricts the possible applications for odd n to prime numbers n equal to that means to 7 n = for 0 l = and next to 13 n = for 1 l = and discuss these cases in detail.
In present article we investigate the factorizations of the cyclotomic polynomials for low odd n (up to 19 n = ) in polynomial factors of 3-cycles (polynomial equations of 3-rd degree with 3 involved roots) which contain not higher than quadratic radicals in the coefficients and explain how this can be obtained in explicit form. We also give in explicit form for low n the factorization with only quadratic radicals in the coefficients but with other than 3-cycles and determine some general rules for this. For odd order The n complex solutions ( )
solve the problem of the circle division into n equal sectors and determine the corner points
of the regular n-gon in the complex plane.
In the following we describe the procedure to obtain factorizations of the cyclotomic equation with not higher than quadratic radicals in the coefficients and give the explicit results for odd n up to 19 n = . In particular, we discuss in detail the cases 7 n = and 13 n = which possess a relation to the application of bicompasses and ruler. In the case 17 n = which we also discuss in some detail we demonstrate how our method acts in a case known since Gauss. The results for all corner points of the regular 17-gon are given in an explicit form (see and compare also [9] [11] [12] ). 
The Cosine of the Angles for the Cyclotomic Polynomials in Odd Case
The vanishing of these polynomials provides as solutions the 
This means that for prime numbers n p = and for the primitive root 1 z we have
We choose positive integers 1, 2, , 1 g n = −  and form first with the solution 1 z the sequences ( ) 1 7  49  10  70  5  35  9  63  11  77  12  84  6   42  3  21  8  56  4  28  2  14  1 7: , , , 
The same is the case with each cycle of the length l containing an arbitrary primitive root k z . A consequence is that we know at once the constant term in the factorized cyclotomic polynomials that is of importance when we begin from behind (low-order k-terms proportional to which can be split into products of polynomials of 3-rd degree (3-cycles) leads basically, analogously to Fermat numbers G =⋅ + which have to be prime numbers. Table 2 shows the few initial possibilities up to 5 l = . For the next three cases 6, 7,8 l = the numbers l F and l G are composite numbers as the computer shows but these numbers grow very fast and my PC (with program "Mathematica 10") did not provide a result for the next case 9 l = of both numbers in acceptable time. However, it is now known that all numbers l F from
are composite without knowing all prime factors in all these cases (see [9] , end of chap. 5). Since the number 2 49 G = is composite it is not a possible candidate for construction of the regular 49-gon by rhombic bicompasses and ruler.
We mention here that if one admits angle trisection by a neusis construction attributed to Archimedes [2] [9] as an additional element of constructions which in our persuasion is not in the spirit of ancient constructions by compass and ruler then one comes to possible numbers for the solubility of the circle division problem of the form
 if they are prime numbers and which are called Pierpont numbers (from 1895, see [19] [20] ). These numbers are more general ones than the Fermat numbers l F and also than the numbers l G in Table 2 (see also end of Section 11).
Factorization of Cyclotomic Polynomial for n = 3 with Real Coefficients
In case of
It is written down here for the analogy to higher less trivial cases.
Factorization of Cyclotomic Polynomial for n = 5 with Quadratic Radicals
In case of 5 n = the cyclotomic polynomial ( ) 
The complex conjugate roots ( ) 1 4 , z z and ( ) 2 3 , z z modulo 5 are here paired in one of the two 2-cycles and therefore the coefficients in form of quadratic radicals possess real values. The case of the regular pentagon is also commonly known and we do not consider it in detail.
Factorization of Cyclotomic Polynomial for n = 7 with Quadratic Radicals
In case of 7 n = the cyclotomic polynomial ( ) 
The factorization in this case with only quadratic radicals in the coefficients and concerning the corners of the regular heptagon was discussed in [1] . It is easy to determine this factorization with quadratic radicals in the coefficients z z z + + together with the circle division in 7 equal parts is shown in Figure 1 .
In Figure 2 we illustrate possibilities for the construction of the regular heptagon by bicompasses and ruler and draw additionally a circle with radius 
that proves the statement. This, alternatively, can be also used for the construction of the regular heptagon by rhombic bicompasses and ruler. We mention that the parameters with the notation r and t are essentially the same since 1 r t + =.
The equation for the Cosines 
Factorization of Cyclotomic Polynomial for n = 9 in Different Ways
Since 9 n = is a composite number we find different favorable factorizations of the cyclotomic polynomials. As special roots the circular division of the unit circle in 9 equal sectors contains the third roots of unity and we have the . Therefore, as known, the circle division problem in case of 9 n = cannot be solved by compass and ruler since the third root of an arbitrary complex number (here of 3, 6 1 i 3 2 z − ± = ) cannot be constructed in this way. This can be also seen from the equation of Table 1 (Equation (2.4)) for the doubled Cosines 2π 2 cos , 9
the solutions of the following polynomial equation in factorized form
From the coefficients of the vanishing cubic polynomial follows 2π 4π 8π 2π 4π 8π 1 cos cos cos 0, cos cos cos , 9 9 9 9 9 9 8
where the second relation does not provide independent in formation in comparison to the first. The cubic equation 
In the factor polynomials of 4-th degree are contained two 3-cycles ( ) 1 4 7 , , z z z and ( ) 2 8 32 5 , , z z z z ≡ paired with one of the third roots 3 z and 6 z of unity.
Other genuine than 3-and 6-cycles do not exist in case of 9 n = but it happens that the root 0 1 z = appears in the determination of the cycles according to the general procedure (it is then no more a cycle) that for prime n is impossible.
A similar interestingly simple factorization by two polynomials of 4-th degree follows directly from (7.1) by the product 
and means the exchange of the factors 3 z z − and 6 z z − . It is possible due to 9 n = as a composite number.
Factorization of Cyclotomic Polynomial for n = 11 with Quadratic Radicals
In case of 11 n = one has only the following factorization by 5-cycles which leads to polynomials with quadratic radicals in the coefficients ( ) 
The 5-cycle in the first factor is formed by the roots 
Factorizations of Cyclotomic Polynomial for n = 13 with Quadratic Radicals
The case 13 n = is very interesting due to factorization of the cyclotomic equation by polynomials of 3-rd degree with only quadratic radicals in the coefficients in 3-cycles. This makes it possible for the application of the rhombic bicompasses and ruler for the construction of the regular tridecagon (13-gon).
The first factorization by two 6-cycles provides two factor polynomials of 6-th degree with real coefficients 
This means that the fixed points of the two rhombic bicompasses besides the coordinate origin 0 z = are the following quadratic radicals Together with the circle division problem the two principally possible fixed points (without the complex conjugate ones) for the bicompasses are shown in Figure 3 .
The sums and differences of the fixed points are also expressible by only quadratic radicals. We find for the sums algebraically and numerically ( ) ( ) are illustrated in Figure 4 and Figure 5 .
According to Table 1 (Equation (2.4) ) the doubled Cosines ( ) 2π 2π 2 cos 2 cos 13 , 
The polynomial on the left-hand side of this equation can be factorized in two polynomials of 3-rd degree with only quadratic radicals in the coefficients in the following way [13] 
This corresponds to the following relations for sums of the Cosines ( ) 2π 2π cos cos 13 13 13 
and for products of the same Cosines   2π  6π  8π  13 3  cos  cos  cos  ,  13  13  13 16 4π  10π  12π  13 3  cos  cos  cos  .  13  13  13 16
One may obtain these relations from relations (9.3) for the fixed points of the rhombic bicompasses. Relations (9.9) do not give additional independent information to relations (9.8) . This can be seen if one transforms the products A. Wünsche DOI: 10.4236/apm.2017.79032Advances in Pure Mathematics in (9.9) into sums using addition theorems for trigonometric functions. The same is true for the relations obtainable from the coefficients in front of u in (9.7). Equation (9.6) together with (9.7) means that the cyclotomic equation for 13 n = can be exactly solved by not higher than cubic radicals. This, however, is not appropriate for the construction by compass and ruler which allows only quadratic radicals. The same conclusion can be drawn for the full solutions k z of the corner points of the regular 13-gon by setting equal to zero the four 3-rd degree polynomials in (9.2) of the factored cyclotomic polynomial (9.1).
The real construction of the regular 13-gon by rhombic bicompasses and ruler seems to be rather complicated. One may distinguish two principal cases:
1. The use of only one of the two possible bicompasses shown in the two pictures in Figure 3 .
2. The use of the two rhombic bicompasses in correlated way in one of the two principally different variants as illustrated in Figure 4 and Figure 5 .
The problem in first case is that during the application of the bicompasses, for example, to points 1 z and 3 z in first partial picture in Figure 3 but it is not in the spirit of construction by compass and ruler and, furthermore, it is unclear how it could be combined at the same time with the action of the bicompasses. We could not find a possibility also in case if we use in addition to one of the bicompasses the corresponding bicompasses with the complex conjugate fixed point.
The second case with correlated bicompasses seems to be, in principal, possible. In case of the regular heptagon we found points from the pictures on the arms of the bicompasses or on their prolongation which can be expressed by not higher than quadratic radicals and proved this property then algebraically.
In case of the 13-gon we go a similar way but start from an opposite point of view. We look for possibilities of points on the lines between corners of bicompasses which can be represented by not higher than quadratic radicals. We consider the bicompasses which in the right position determine the corner points ( ) 1 3 9 , , z z z of the regular 13-gon (see Figure 4 The points 6 z λ with real 0 λ ≠ are, in general, and contrary to 1 3 9 z z z + + not representable by only quadratic radicals and, therefore, we set 0 λ = in (9.11 ).
An analogous second possibility to the described one is to look on the line between 3 z of the first bicompasses and 
In this factorizations we have two 4-cycles with the zeros ( ) 
Factorizations of Cyclotomic Polynomial for n = 17 with Quadratic Radicals
The possibility of the solution of the circle division problem in case 17 n = together with the solution of the general problem from ancient time for which n it can be solved at all by compass and ruler was discovered by the young Gauss and is represented in numerous books (e.g., [7] [9] [11] and others). The representation here of this known case illustrates our approach and facilitates its understanding in the unknown cases, in particular for 13 n = .
A first factorization of the cyclotomic polynomial which is palindromic in two palindromic polynomial factors with quadratic radicals in the coefficients is ( ) ( 
The first factor, for example, involves the zeros 
fourth factor ( ) 
The bigger brackets in the short and in the explicit expressions correspond to each other in their ordering in the written form of the formulae.
The coefficients in all the polynomials of second degree in (11.5)-(11.8) in front of z are real ones and the half of the negatively taken value provides the Let us give for completeness and for the factorization of the polynomial where the first of the two indices in , k l u corresponds to the upper sign and the second to the lower one in " ± " and, analogously, from (11.7) and (11.8) 
where the explicit form of the coefficients
given in (11.10) and (11.11) are taken from (11.5) and (11.8 5 F is composite (e.g., [7] [9]; see also 
We see that in connection with (repeated) angle bisections admitted by powers of 2 in front of 2π n the circle division problem can be principally also 
rhombic bicompasses and ruler. We found that the next possible case is the regular tridecagon ( 13 n = ) although some problems of the realization of the construction remained open. The technical design of rhombic bicompasses, in particular, if the arm length should be variable within certain limits, we do not consider as our problem to which we may contribute. We posed our mathematical problem into the general frame of the solution of the cyclotomic equation and of the factorization of the cyclotomic polynomials for arbitrary n where only concerning the factorization with integer or rational coefficients (in  or  ) of the (irreducible) factor polynomials exists a well-known theory. It is a special case of the Galois theory of the solvability of polynomial equations in radicals. Our approach to the factorization in case of 13 n = and in the other cases with odd n to get factorization with coefficients which do not contain higher than quadratic radicals or cannot be resolved at all by radicals is similar to the usual approach in case of the 17-gon. The first task was to find the different cycles that is illustrated in detail for the cases 7 n = and 13 n = . The factorization with only quadratic radicals in the coefficients is then straightforward using known details for the coefficients and determining the unknown from the general restrictions for the coefficients in systematic way.
Our bicompasses underlie hard restriction since they possess equal arm lengths and bundles of (maximum) three arms are connected with the two fixed points to guarantee to draw at once two circles of equal radius with correlation of points on the circles with one degree of freedom. The question is whether or not it is possible to solve other geometric construction problems with them as the described ones. However, the trisection of an arbitrary angle which is not possible with compass and ruler seems to be also not possible by bicompasses and ruler. It is due to the form of the equation for the Cosines of the trisected angle which is of third degree with vanishing coefficient in front of the 2-nd degree power which determines the two fixed points. The fixed points coincide in this case and the motion with one degree of freedom of the bicompasses is the rotation of a regular hexagon around the only fixed point. One position of this hexagon determines with 3 of its corner points the right position for the trisection of the angle but it cannot be determined which of the positions is the right. The restrictions to the bicompasses can be weakened. For example, the arm lengths can be varied and the number of arms between the fixed points may be increased to increase the degree of freedom. All this is a wide field and we are maybe only at the beginning of it.
In my previous article [1] I made some remarks about rare biological objects with 7-fold symmetry in heavy contrast to ubiquitous 5-fold symmetry in many plant families (please, amend there the scientific name for oleander into Nerium oleander). In the meanwhile I looked through the book of Ernst Haeckel Kunstformen der Natur from (1899-1904) 5 with the wonderful drawings and 
